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06 OCI];HJIJ15IIi;HOHHbIX CBOiiCTBaX C06CTBeHHbIX 4)yHKIl,HH 3aflaMH 

niTypMa— JlnyEHjijia c CHHryjiapHbiMH K03(J)4)Hi],HeHTaMH 

A. A. BjiaflHMHpoB 

AHHOTAD,Hil. B CTaTbe paccMaTpHsaeTca CHHryjiapnaa cneKTpajibHaa safla^a IIlTypMa-JlHysHJiJia 

-{py'Y + {q~^r)y = 0, 
66 ■ ([/ - l)?/"" + + l)y^ = 0, 

O ' _i 

' rfle cJjyHKLfHa p € Loo [0,1] pasHOMepHO nojioacHTejibHa, cJjyHKifHH q, r £ [0,1] BemecTBeHHti, a 

. onpeflejiaiomaa rpaHHHHbie ycjiosHa yHHTapnaa KOMnjieKcnaa MaTpHii;a U pasMepa 2x2 flnaroHajibHa. 

DoKasbiBaeTca, hto ocHOSHbie nssecTHbie fljia rjia,z];Koro cjiynaa pesyjibTaTbi o HHCJie h pacnojioaceHHH 
O ' Hyjieii co6cTBeHHbix (JjyHKifHH ocxaiOTca cnpaBefljniBbiMH h b o6meH CHTyaii;HH. 

O' 

§ 1. BBe^eHHe 

^/y , 1 . ITycTb p — pasHOMepHO nojiOHCHTejibHaa 4)yHKi];HH Kjiacca Lqo [0, 1] , g h r — ^se BemecTBeHHbie 4)yHK- 

i];hh Kjiacca VF2~^[0, 1], a U — flHaroHajitHaa yHHTapnaa KOMnjieKcnaa Maipni^a pasMepa 2x2. Ochob- 
HbiM o6'BeKTOM paccMOTpeHHH B HacTOHn],eH CTaTbe 6yfleT hbjihtbch rpaHHHHaa sa^ana 



(1) -{py'y + (q - Xr)y = 0, 

(2) ([/ - l)y^ + i(C/ + = 0, 

rfle A G C — cneKTpajiBHbiH napaMCTp, a BCKTopbi h onpeflejienbi b bh^c 



(cp. ICA^Oj TeopeMa 7.5]). 



I BBHfly HerjiaflKOCTH KOScJjtJjHi^HeHTOB flHcJxJjepeHi^HajiBHoro BbipajKeHHH h3 jicboh nacTH ypaBHe- 

HHH ([1]), nocTanoBKa sa^anH ([T|), (l2|) nyjKflaeTCH b yTOHHennH. Ivlbi 6yfleM npoBO^HTt ero na ocHOBe 
i annpoKCHMaTHBHoro no^xofla, paccMOTpcHHoro b pa6oTax |IIIJinP] . |Cn^Q] . 

06o3HaHHM Hepes Sjjj rHjib6epTOBoro npocTpancTBO 

{yeW^^my'^GimiU-l)}, 

HOpMa KOTOpOrO HMeCT 06bIHHbIH BHfl 

1 

(yy^^u) \\y\\l^ = J {\yf + \y\^} dx. 



PaccMOTpHM onepaTop BjiOHcennH I : Sjjj ^2[0, 1] h o6o3HaHHM nepes Sj'jj nonojineHHe npocTpancTBa 
L2[0, 1] no HopMe ^ Henocpe^CTBeHHO h3 stoto onpe^ejieHHa BbiTCKaeT bosmojkhoctb 

nenpepbiBHoro npoflOjiHcenHH onepaTopa I* hsomctphh : S)'jj Sjjj. FpaHnHHyio sa^any ([T|), ^ 
Mbi 6yfleM Tenepb noHHMaTb KaK sa^any o cneKTpe jiHHeHHoro onepaTopnoro ny^Ka T : Sjjj Sj'jj, 
HMeiomero bh^ 

1 1 

{yXeC){yyeSju) {I+T{X)y,y)s^^= [p\yfdx+ [ {q - Xr) ■ \y\^ dx + {Vy\y'')c^, 







Pa6oTa noflflep>KaHa POjOjH, koa npoeKTa 07-01-00283, h 4)OHflOM INTAS, KOfl npoeKTa 05-1000008-7883. 

1 



2 



rfle V — flHaroHajiBHaa spMHTOBa MaTpni^a pasMepa 2 x 2 c sjieMCHTaMH 

(VfcG{l,2}) Vkk = 



Ctg , UkkT^l, 



0, Ukk = 1. 

2. OcHOBHOH i];ejiBio HacToamef! CTaTBH HsjiaeTCH HCCjieflosaHHe Bonpoca o hhcjic h pacnojiOHcenHH 
Hyjiefi co6cTBeHHBix (JsyHKi^nfi rpaHHHHOH sa^aHH [T]([T]), [T](l2]) b cjiynae, Korfla onepaTop I~^T(^) no- 
jiojKHTejieH npH neKOTopoM snaHeHHH ^ G M. Ecjih KOScJjcJjHi^HeHTbi p, q ii r hbjihiotch flocTaTOHHO 
rjiaflKHMH, 3T0T Bonpoc xopomo Hsynen (flecJjHHHTHBiH noflCjiynaH r ^ HBjiaeTCH KjiaccnnecKHM; 
HHflecJjHHHTHBiii noflCJiyHaii paccMaTpHsajiCH, b nacTHOCTH, b pa6oTe |IOT| ). KaK 6yfleT noKasano ^a- 
jiee, ocHOBHBie pesyjiBTaTBi, nsBecTHBie ^jih rjiaflKoro cjiynaH, ocTaroTCH cnpaBe^jiHSBiMH h b o6meH 
CHTyai];HH. 

Otmcthm, hto nacTHBiH cjiynaii paccMaTpHBaeMoii naMH saflann, BtiflejiHeMBiii ycjiOBHHMH 
p £ BV[0, 1], g ^ 0, r > H ?7 = 1, 6biji flpyrnMH MCTOflaMH HCCJieflOBan b neflaBHeii pa6oTe [HPOT| . 

3. KaK o6bihho, nofl undeKCOM uuepv^uu indm onpeflejieHHoft na hckotopom rHjiB6epT0B0M npocTpan- 
CTBe KBaflpaTHHHoft (JjopMBi iTi MBi 6y/];eM noHHMaTB TOHHyio BepxHioK) rpaHB pasMepHOCTeii noflnpo- 
CTpancTB 971 C y^oBjieTBopHiomHx ycjiOBHio 

(3c> 0) (Vy G 971) m[y]^-c\\y\\l. 

CooTBeTCTBeHHO, nofl HH^eKCOM HHepi];HH flelicTByiomero b npocTpancTBe Sj spMHTOBa onepaTopa E 
MBI 6yfleM noHHMaTB HH^eKC Hnepi^HH ero KBaflpaTHHHofi cJjopMBi {E-,-)fj. 



4. CTpyKTypa ocTaBineftcH nacTH CTaTBH TaKOBa. B naparpa(j3e |§ 2| HaMH ycTanaBjinBaroTCii BcnoMora- 
TejiBHBie pesyjiBTaTBi o CBoiiCTBax conpH>KeHHBix tohck onepaTopoB UlTypMa-JlHyBHjiJiH. B naparpa- 
4)e |§ 3| H3yHaiOTCH Henocpe^CTBeHHO oci];HjiJiHi];HOHHBie CBoiicTBa co6cTBeHHBix 4)yHKi];Hft 3a/];aHH[T]([T]), 

IlpH ccBijiKax Ha pasflejiBi CTaTBH, ne npHHaflJiejKamne naparpacj^y, BnyTpn KOToporo flaeTCH ccbiji- 
Ka, flonojiHHTejiBHO yKasBiBaeTCH HOMep naparpacj^a. Hpn ccBijiKax na cJ^opMyjiBi, ne npHHaflJie>Kan],He 
nyHKTy, BHyTpn KOToporo flacTCH ccBijiKa, flonojiHHTejiBHO yKasBiBaeTCH HOMep nyHKTa. 

§ 2. ConpsiJKeHHbie tohkh onepaxopoB IIlTypMa JlHyBHjijisi 



1. ^ajiee mbi 6yfleM HcnojiBSOBaTB CTanflapTHyio BapHaii,HOHHyio TexHHKy oci];hjijihi];hohhoh TeopHH, 
HSjiOHceHHyio, HanpHMep, b |CA^Q] FjiaBa 4]. YKameu na o6n],HH cJjaKT, jieHcamnit b ochobc bosmojk- 
HOCTH npHMenenHH stoH tcxkhkh k HHTepecyromeMy nac cjiynaK). 

IlycTB Sj — HCKOTopoe rHjiB6epT0B0 npocTpancTBO. 06o3HaHHM nepes ^{Sj) npocTpancTBO orpann- 
HeHHBix spMHTOBBix oncpaTopoB Ha Sj, CHa6jKeHHoe CHjiBHoii onepaTopHOH TonojiorneH. 06o3HaHHM 
TaKJKe nepes ^d^) npocTpancTBO Bnojine nenpepBiBHBix spmhtobbix onepaTopoB na Sj, CHa6jKeHHoe 
paBHOMepHofi onepaTopHott Tonojiorneft. CnpaBefljiHBO cjieflyromee yTBepjKfleHne: 

1.1. Uycmb 3 — monoAosuHecKoe npocmpaHcmeo, a A : 3 ^ ^(^) u B : 3 ^ ^d^) — uenpe- 
puGHue omo6pacnceHUM. Uycmb npu amoM onepamopu A{x) paenoMepHO no x £ 3 nojiootcumejib- 
Hu. Tozda djifi An)6o80 uamypajibHozo Hucjia n ^ 1 (f)yHKij,UM A„ : 3 ^ M, cmaesimaM Kacucdou 
moHKe X £ 3 6 coomeemcmeue n-w cnusy (c ynemoM KpaniHocmu) moHny cnenmpa onepamopa 
1 + [A(2;)]~-'^/^i?(2;)[A(x)]~"'^/^, MBAHemcsi Henpepueuou. 

^OKasaTejiBCTBO. SaMCTHM, HTO npn cflejianHBix npeflnojioJKeHHHx onepaTopBi 
G ^{Sj) nenpepBiBHO saBHCHT ot napaMCTpa h paBHOMepno no x £ 3 orpaHnneHBi. 
Tor^a npn jiio6om m G N onepaTopBi [^(x)]"'" G S(^) TaKJKe nenpepBiBHO saBHCsiT ot napaMCTpa. 
KpoMe Toro, onepaTopBi MoryT 6bitb c jik)6oh nanepe^ saflaHHoft tohhoctbk) paBHOMepno 

no X £ 3 npH6jiHJKeHBi no Hopne SHaneHnHMH cJjHKCHpoBaHHoro MHoroHjiena ot onepaTopoB 
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CM. IJIOAI n. 106]). nosTOMy onepaTopti G ^{^) TaKHce nenpepbiBHO sasncHT ot 

napaMeTpa. 

Hs HenpepbiBHOCTH saBHCHMOCTH onepaTopoB G ^(^) ot napaMCTpa h paBHOMepnoii 

no X £ 3 orpaHHHeHHOCTH sthx onepaTopoB cjie^yeT nenpepbiBHOCTb saBHCHMOCTH ot napaivieTpa 
onepaTopoB [A{x)]~^^'^B{x)[A{x)]~^^'^ S <BciSj)- ^OKasbmaeMoe yTBepHCflenne BbiTCKaeT Tenepb h3 
HSBecTHbix oi];eHOK fljiH co6cTBeHHbix SHaHeHHH BnojiHe HenpepbiBHbix spmhtobmx onepaTopos (cm. 
[JIOAl n. 95]). □ 

2. PaccMOTpHM noflnpocTpancTBO Sjfj C ^(/, HMCiomee bh^ 

{y£^u\ y(l) = 0}. 

C 3THM noflnpocTpancTBOM Mbi 6yfleM CBHSbisaTb napaMCTpHSOBaHHoe SHaneHHsiMH x G (0, 1] ccMeii- 

CTBO BJIOJKeHHH Jx '■ S)fj — > ^JjJ , HMeiOn],HX BHfl 

„ f yit/x), t ^ X, 

(Vyei3?,)(VtG[0,l]) [J.y](t) = ||;y 

KajKflOMy onepaTopy K : Sjjj fj'jj, ^jih KOToporo onepaTop I~^K HBjiaeTCH spmhtobmm, mojkct 6biTb 
conocTaBjiena onepaTop-cJjyHKi^HH Sk '■ (0, 1] — > (B{9jfj), onpeflCJieHHaH ycjiOBHCM 

(VxG(0,l]) SKix) = Jcc*I'^KJx. 

ToHKH X G (0,1], flJiH KOTopbix noflnpocTpaHCTBa herSxix) hbjihkjtch HeTpHBnajibHbiMH, mm 6yfleM 
HasbiBaTb conp^cHceHHUMU mouKe omHocumejibHO onepamopa K. PasMepnocTb noflnpocTpancTBa 
kerS'i^(x) mbi 6yfleM npn stom nasbiBaTb KpamHOcmbw conpHJKeHHoii tohkh x. 

3. SaMCTHM (cm. |IIIJinP] . |Cn^O| ), HTO npH npoHSBOJibHO (JjHKCHpoBaHHORi A G M cymecTByiOT 

c|)yHKI];HH UJ G L2[0, 1] H HHCJIO OJi G M, yflOBJICTBOpHIOmHe TOJKfleCTBy 

1 1 

(Vy G Wi[0, 1]) J {q - Xr) -ydx = - J UJ - ^ dx + uJi ■ 


IlpH 3T0M (cm. TaM JKc) flJIH JII060H (JjyHKI^HH y G i^^/ BbinOJIHeHHe paBCHCTBa T{X)y = paBHOCHJIbHO 

CymeCTBOBaHHK) BCKTOp- 4)yHK^HH y G Wi[0, 1] X VF/[0, 1], yflOBjieTBopHMmen TOJK^ecTBy 

(VtG[0,l]) Yi{t)=y{t) 

H HBjiHiomeHCH pemeHHCM rpaHHHHOH sa^aHH 

_ f uj/p 1/p 
dt ~ \-uj'^/p -uj/p^ 
(Uu - 1) • l2(0) + i{Uu + 1) • n(0) = 0, 
(^722 - 1) • [12(1) + u;iYi{l)] + i{U22 + 1) • Yi{l) = 0. 

AnajiornHHO, BbinojiHeHne cooTHomeHHH y G ker S'j'^;!^) (x) paBHOCHjibHO cymecTBOsaHHio BCKTop- 
(J)yHKi];HH Y G M^2^[0, x] x H^-|'^[0, x], yflOBjieTBopaiomeH TOJKflecTBy 

(VtG[0,x]) Yi{t)=y{t/x) 

H HBjiHiomeHCH pemeHHCM rpaHHHHoii saflann, OTBeHaromeii flH4)4)epeHi],HajibHOMy ypaBHCHHio ([T|) h 

rpaHHHHbIM yCJIOBHHM 

(Uu - 1) • l2(0) + i{Uu + 1) • n(0) = 0, 

yi(x) = 0. 



il) ^ = ( "^'2^, 1 -Y 
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Hs TeopeMbi eflHHCTseHHOCTH |JI^O § 16, Teopena 1] Tenept HCMefljieHHO BbiTeKaeT cnpasefljiHEOCTb 
cjieflyiomnx Tpex yTBepjKfleHHH: 

3.1. Uycmb A — npouseoAbHoe eemecmeeHHoe hucao. Tosda ece moHKU, conpncHceHHue mouKe om- 
HocumejibHO onepamopa T(A), MGAMmmcH usoAupoeauHUMU u UMemm KpaniHocmb 1. 

3.2. Uycmb A € M — co6cmeeHHoe SHaneHue nyuKa T. Tozda ezo zeoMempuuecKafi KpamHocmb paena 
1. Upu amoM moHKa 1 HejinemcH conpHOfceuHou mouKe omHocumejibHO onepamopa T(A) e moM u 
mojibKO moM cjiyuae, Kozda eunojiHfiemcH paeencmeo U22 = 1- 

3.3. Uycmb A G M — co6cmeeHHoe anaueHue nynna T, a y G S)(j — omeenaTomaM CMy eeui,ecmeeHHaM 
co6cmeeHHa.n cpyHKii^UM. Tozda MHOotcecmeo monen, conpMOiceHHUx monne omHocumeAbHO onepamopa 
r(A), coenadaem c MHOcucecmeoM npunadAecucam^ux noAyunmepeaAy (0,1] uyAeu (f)yHKii,uu y. Upu 
amoM e nacucdoM us manux uyAcu (pyHKU,usi y MCHMcm anan. 

4. 06o3HaHHM TenepB nepes P, Q n R fleiicTByromHe b npocTpancTBe Sjjj spmhtobbi onepaTopbi BH^a 

1 

(1) (VyG^c/) {Py,y)siu = l{p\yf + \yf}dx, 



1 

(2) (yyeSju) {Qy,y)s^^= J{q-l)-\y\^dx + {Vy'^,y'')c2, 



1 

(3) (yyesju) {Ry,y)9yu = I r-\y\''dx. 



JlerKO BH^eTb, hto onepaTop P HBjiHeTCH paBHOMepno nojioJKHTejitHbiM, a onepaTopbi Q h R — Bnojine 
HenpepbiBHbiMH. HecjioJKHO TaKJKe npoBepnTb, hto npn x \ onepaTopbi Jx*PJx HMeroT nojioJKH- 
TejiBHyio HHJKHioio oi^CHKy nopHflKa 0(l/x), a HopMbi onepaTopoB Jx*QJx h Jx*RJx hmciot Bepx- 
Hioio oi];eHKy nopaflKa 0{l/y/x). 3thm Ha6jiiofleHHeM ycTanaBjiKBaeTca cnpaBe^jinBOCTb cjie^yiomero 
yTBepjKfleHHH: 

4.1. Uycmb A — npouseoAbuoe eetu,ecmeeHHoe hucao. Tozda cymecmeyem manoe hucao e > 0, umo 
npu AH)6oM X G (0, e) onepamop St(\) (x) .neA.nemcsi noAocucumcAbHUM. 

TaKHce HMeeT mccto cjieflyiomHH cJjaKT: 

4.2. Uycmb A — npouaeoAbuoe eeui^ecmeeuHoe hucao. Tozda Bah a}o6ozo noAyunmepeaAa [a, b) C (0, 1] 
HUCAO Aeotcauj^ux na amoM noAyunmepeaAe monen, conpnoKCHHUx monne omnocumcAbHO onepamopa 
T(A), paeno ecAUHune \nd ST(X){h) — ind S'j'(a) (0^) - 

^OKasaTejibCTBO. SaMCTHM, hto onepaTopbi Jx h Jx* nenpepbiBHO saBHCHT ot napaMCT- 
pa a; G (0, 1] b CMbicjie chjibhoh onepaTopHof! TonojiornH. HosTOMy k onepaTop-cJjyHKi^HHM 
A : (0, 1] ^ ^(^0 ) Q . 1] ^ g^(^o ) 

(VxG(0,l]) A{x) = Jx*PJx, 

(Vx G (0, 1]) B{x) = Jx*{Q - XR)Jx 

MoacHO npHMCHHTb yTBepHCflCHHe 11.11 B ocTaBinellcH HacTH flOKasaTejibCTBa nofl A„ : (0,1] ^ M mm 
6yfleM noHHMaTb nenpepbiBHbie cJjyHKi^HH, OTBenaiomHe hmchho TaKOMy Bbi6opy onepaTop-cJjyHKi^HH 
AmB. 

KaK cjieflyeT h3 nsBecTHoro cJjaKTa paBencTBa nncjia OTpni^aTejibHbix co6cTBeHHbix SHaHeHHit spMH- 
TOBa onepaTopa ero HHfleKcy hhcpi^hh (cm., nanpHMep, |JIOAl n. 95]), npn jiio6om SHanenHH x G (0, 1] 

BbinOJIHHeTCH paBCHCTBO 

ind ST(x)ix) = #{n ^ 1 I A„(x) < 0}. 
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Hs vTBepacaeHHa ISTTl cjieayeT TaKHce, hto KajKflofi tohkc x € (0, 1], conpHHceHHOH tohkc OTHOCHTejit- 
HO onepaTopa T'(A), OTBenaeT eflHHCTBeHHaa cJjyHKi^HH A„, yflOBjieTBopaiomaH paBencTBy A„(x) = 0. 

IlpH 3T0M, KaK HeCJIOJKHO yCTaHOBHTb Ha OCHOBe CTaHflapTHblX paCCyjKfleHHH, JiejKaU],HX B OCHOBe flO- 

KasaTejibCTBa BapHaD;HOHHoro HpHHD;HHa Kypania (cm., nanpHMcp, |CA^O TeopeMa 1.3]), Kaacflaa 
HeBOspacTaeT (a Tor^a, b cnjiy yTBepjKflenHH 13.11 h CTporo y6biBaeT) b cbohx nyjiax. 
Hs 3THX (JjaKTOB c OHeBHflHOCTBK) BbiTeKaeT cnpaBefljiHBOCTb flOKasbiBaeMoro yTBepjKfleHHH. □ 



5. IlTorH npoBefleHHbix b nacToameM naparpacjje HCCjieflOBaHHii MoryT 6biTB noflBe^eHbi b BH^e cjie- 
flyiomero yTBepjKfleHHa: 

5.1. Uycmb A G M — co6cmeeHHoe SHaneHue nyuKa T, a y G S^u — omeeHamvuasi ejviy co6cmeeHHasi 
(pyHKUfUsi. Tozda eejiuHuna ind/^T(A) paena uucjiy Jieotcau^ux na ummepeajie (0,1) uyjieu (pyuK'nuu 

y- 

^OKasaTejibCTBO. Hs yTBepac^eHHH \4A] h 14.2] HeMe^jieHHO cjie^yeT, hto hhcjio jiejKamnx na 
HHTepBajie (0, 1) nyjieii (JjyHKi^HH y coBna^aeT c BejiHHHHoii ind5'r(A)(l)- B cjiynae U22 = 1 sto asTO- 
MaTHHecKH osHanaeT cnpasefljiHEOCTb flOKasbisaeMoro yTsepjKfleHHH. 

PaccMOTpHM cjiynaH U22 7^ 1. SaMeTHM, hto MoaceT 6biTb yKasano noflnpocTpancTBO dJl C Sju 
pasMepHOCTH ind/"'"T(A) + 1, na KOTopoM KBaflpaTHnnaa 4)opMa onepaTopa I~^T{X) HBjiaeTCH neno- 
jiojKHTejiBHOH. IlpH 3T0M KBaflpaTHHHaH (JjopMa onepaTopa S'j'(^x){^) OKastmaeTCH nenojiOHCHTejib- 
Hoii Ha noflnpocTpancTBe DJl^ ^ 9Jl Pi HMeiomeM pasMepnocTb ne Menee indl^T(A). C flpyroii 
CTopoHbi, H3 yTBepjKfleHHH 13.21 cjieflyeT, hto nenojioJKHTejiBHOCTb KBaflpaTHHHoii (JjopMbi onepaTopa 
'S't(A)(1) na noflnpocTpancTse pasMepnocTH ind/~''r(A) BOSMOJKna jinnib b tom cjiynae, ecjin onepaTop 
1 + [A(l)]^-'^/^i?(l)[^(l)]^^/^ H3 flOKasaTejibCTBa yTBepacaeHHa 14.2] HMeeT ne Menee ind/+r(A) OTpni^a- 
TejibHbix co6cTBeHHbix SHaneHHii. O^HaKO Tor^a BbinojiHsieTCii paseHCTBO indS''p(>,)(l) = ind/'*'T(A), 
c OHeBHflHOCTbK) 03HaHaK)mee cnpaBefljiHBOCTb flOKasHBaeMoro yTBepjK^eHHH. □ 

§ 3. Ocii;Hjijiiiii;HOHHi>ie TeopeMM 

1. HMeeT MecTO cjie/];yion],HH cJjaKT: 

1.1. Uycmb ^ — eew^ecmeeHHoe hucjio, djisi Komoposo onepamop I~^T(^) siejisiemcsi nojiooKumejibHUM. 
Tosda cnenmp spanuHHOu aadanu Ifl^ ^, \§ -?| [I]([2]) npedcmaeAsiem co6ou MHOotcecmeo HJienoe deyx 
He UMewtnux KoneHHUx moHen HaKoriAeHU-n (ho, oosmochcho, odpueatov^uxcsi) nocjiedoeamejibHocmeu 
{X-klkLi {-^fcjfcLi npocmux co6cmeeHHUx anaHeHuu 

... < A_n < . . . < A_i < ^ < Ai < A2 < . . . < A„ < . . . 

Upu amoM eunoAHMemcM mootcdecmeo 

(Vn/0) ind/+r(An) = |n| - 1. 



^OKasaTejibCTBO. SaMeTHM, hto npoHSBOJibnaH TOHKa A G C npHnafljiejKHT cneKTpy nynxa 
T B TOM H TOJibKO TOM cjiyHae, Kor^a TOHKa (A — ^)~^ npHHafljiejKHT cneKTpy Bnojine nenpepbiBHoro 
onepaTopa [I~^T{^)]~^ R. S^ecb h ^ajiee nepes R o6o3HaHaeTCH onepaTop, onpeflejienHbra cooTHome- 
HHCM [§""2| l|([3l). YHHTbiBaH yTBep>K/];eHHe [§~2|3.2I h OHeBH^Hbiii cJjaKT noflo6HH onepaTopa [I~^T{^)\~^R 
spMHTOBy, y6ejKflaeMCH b cnpaBefljinsocTH cflejiannbix yTBepjKfleHHii o CTpyKType cncKTpa nyHKa T . 

PaccMOTpHM Tcnepb onepaTop-cJayHKi^nn A : M ^ ^(^[/) h i? : M ^ ^c(^;7) BH^a 

(VA G M) A{X) = P, 

(VA G M) B{X) = {Q- XR), 
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rfle P H Q — onepaTopbi, onpeflejienHtie cooTHomeHHgMH |§ 2| 4|([H h |§ 2| 4|([2l). CorjiacHO yTBepjKfleHHio 
|§ 2|l.ll OTBenaiomHe sthm onepaTop-cJjyHKi^HHM hhcjiobbic cJjyHKi^HH A„ : R — > M hbjihiotch nenpe- 

pblBHblMH. IlpH 3T0M H3 nOJIOJKHTejIBHOCTH OnepaTOpa /^T(^) H OHeBHflHOrO TOJKfleCTBa 

(VA / i) md/+T(A) = md[|A - ^\~^ ■ I^T{i) - sign(A - ' R] 

cjie^yeT, hto Kaacflaa h3 4)yHKi];HH A„ Hey6BiBaeT b cbohx nyjiax, pacnojiOHceHHbix jieBee tohkh ^, 
H HCBOspacTaeT b cbohx nyjiax, pacnojiOHceHHbix npaBee tohkh ^. 06'BeflHHHH sth cJjaKTbi c panee 
nojiyHeHHbiMH, y6ejK/];aeMCH, hto npn jik)6om n ^ 1 co6cTBeHHoe SHaHenne A_n npeflCTaBjiHCT co6oh 
pacnojioJKeHHbiH jiesee tohkh ^ nyjit. (J)yHKi];HH A,^, a co6cTBeHHoe SHaneHne An npeflCTaBjiHCT co6oh 
pacnojioJKeHHbiH npasee tohkh nyjib cJjyHKi^HH A^. TeM caMbiM, cnpaBeflJiHBOCTb flOKasbiBaeMoro 
yTBepjKfleHHH ycTaHOBjiena nojiHOCTbio. □ 



2. Hs yTBep>K^eHHH [LH|§ 2|5.1] h |§ 2|3.^ cpa3y jkc BbiTexaeT cnpaBeflJinsocTb cjie^yiomero yTBepjK^e- 
hhh: 

2.1. Uycmb onepamop /+T(^) nojiocHcumejien npu HenomopoM SHaueHuu ^ G M, u nycmb Un G — 
eevLi^ecmeeHHa.fi co6cmeeHHasi cf)yHKii,UM aadaHu ffl^ ^ , \§ i| IZl(|2l), omeenawmaM co6cmeeHHOMy snaue- 
HUK) An, sde n ^ 1. Tozda cpyHKit^UM y-n UMeem na unmepeajie (0, 1) poeno n — 1 nyjieu, e nacucdoM U3 
Komopux OHO Mensiem shuk. 



TaKJKe HMecT mccto cjieflyromnft cJaaKT: 
2.2. Uycmb onepamop /'^T(^) noAOCHCumeAen npu nenomopoM SHaneHuu ^ G M, u nycmb yn G Sju 



u yn+i £ — dee co6cmeeHHue cf)yHKii,uu sadauu §_J_{B^, §_J_[B^, omeeuawmue co6cmeeHHUM 
SHaneHUMM An u An+i, sde n ^ 2, coomeemcmeeuHO. Togda Meotcdy a'io6umu deyMM uyAMMU (fiyHKii,uu 
yn, a maKotce Meofcdy jik)6um nyjiCM (f)yHKVflLU yn u KacHcdou us moHSK Qui, pacnojioDfcen no Meubmeu 
Mepe oduH nyjib (pyuKUflLU yn+i- 

^OKasaTCjibCTBO. SacJjHKCHpyeM nponsBOjibHoe naTypajibHoe hhcjio n ^ 2 h BBe^eM o6o3Ha- 
HCHHe Xk AJiH fc-Toro cjieBa nyjia co6cTBeHHOH cJjyHKi^HH yn na HHTepBajie (0, 1) . Hs yTBepjKfleHHii 
|§ 2|4.1I h |§ 2|4.2I cjieayeT cymecTBOBanne fc-Mepnoro noflnpocTpancTBa 971 C ^'fj, na KOTopoM KBa^pa- 
THHHaa (JjopMa onepaTopa ST^Xn){xk) HBjiaeTCH HenojiojKHTejibHOH. Tor^a, BBH^y nojiojKHTejibHOCTH 
onepaTopa /~'~T(^) h cnpaBefljinsocTH TOJKflecTBa 

(Vx G (0, 1]) (VA / md5r(A)(x) = md[|A - ^\-^ ■ Sn^ix) - sign(A - • J.*RJx] , 

KBaflpaTHHHaa cJjopMa onepaTopa 5'y( A„+i)(^ A:) AOjiacna 6biTb OTpni^aTejibna na noflnpocTpancTBe 9K. 
IlocjieflHee, corjiacHO yTBep>K/];eHHHM |§ 2|4.1I h |§ 2|4.2l osHanaeT, hto /c-Tbift cjiesa nyjib co6cTBeHHOH 
4)yHKi];HH i/n+i flOJiJKCH jiejKaTb Ha HHTepBajie (0, Xjt). 

SaMCTHM Tenepb, hto anajiornHHO TOHKaM, conpajKennbiM tohkc OTHOCHTejibHO onepaTopa T{X), 
MoryT 6biTb paccMOTpeHbi tohkh, conpajKennbie tohkc 1 OTHOCHTejibHO SToro onepaTopa. HoBTopHii 
fljiH HHx nposefleHHbie TOJibKO hto paccyjKfleHHH, mo>kho y6eflHTbCH, hto A;-TbiH cnpasa nyjib co6cTBeH- 
Hoii 4)yHKi];HH yn+i flOJiJKen 6biTb pacnojioJKen npasee /c-Toro cnpasa nyjisi co6cTBeHHOH 4)yHKi];HH 
yn- 06'beflHHHH nojiyHeHHbie pesyjibTaTbi, y6ejK/];aeMCH b cnpaBeflJiHBOCTH flOKasbiBaeMoro yTBepjK^e- 

HHH. □ 

OneEHflHO, HTO yTBepjKfleHHH, nojiHOCTbK) aHajiorHHHbie yTBepjK^eHHHM 12.11 h 12.21 MoryT 6biTb 

C(J)OpMyjIHpOBaHbI H flJIH C06CTBeHHbIX 4)yHKI];HH, OTBenaiOmHX C06CTBeHHbIM SHaHeHHHM c OTpHi];a- 
TejIbHblMH HHfleKCaMH. 



3. PaccMOTpHM Tenepb cjiynan, Korfla BecoBaH 4)yHKn,HH r HBjiaeTCH HeoTpHn;aTejibHOH, a ee nocHTejib 
coBnaflaeT co bccm OTpesKOM [0,1]. JlerKO Bn^eTb, hto Taxoe npeflnojioJKenne paBHOcnjibno npe^no- 
jiojKeHHK) o nojiojKHTejibHOCTH onpeflejieHHoro cooTHomeHneM |§ 2| 4|([3]) onepaTopa R. 
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Hmcct MecTO cjieflyiomHH npocTofi cJjaKT: 

3.1. Uycmb eecoean cl)yHKii,UM r Heompu%amejibHa, a ee HocumejieM HejinemcH eecb ompesoK [0,1]. 
Tozda HaudemcM maKoe eeiu,ecmeeHHoe hucao ^ < 0, umo djisi jih)6o20 anaHeHUH A ^ ^ onepamop 
I^T(X) 6ydem nojioMcumejibHUM. 

^OKasaTejibCTBO. HycTt {11^}^^ — chjibho cxoflamaaca k eflHHHHHOMy onepaTopy nocjie- 
flOBaTejibHOCTB opTonpoeKTopoB Ha KOHCHHOMepHBie HHBapnaHTHbie noflnpocTpancTBa onepaTopa R. 
BsHfly nojiHOH nenpepBiBHOCTH onepaTopa Q, nocjieflOBaTejiBHOCTB {^kQ^k}k^=i paBHOMepno cxo^ht- 
CH K onepaTopy Q. HosTOMy nafifleTCH HHfleKC n ^ 1, ^jih KOToporo onepaTop P + Q — XI^QII^ 6yfleT 

nOJIOJKHTejIbHBIM. IlpH 3T0M, BBHfly KOHeHHOMepHOCTH o6pa3a OnepaTOpa HaHflCTCH BemecTBCHHoe 

HHCJIO ^ < 0, flJIH KOTOpOrO OnCpaTOp UnQ^n — (J^nR^n SyflCT HeOTpHI];aTejIBHBIM. OTCIOfla HeMefl- 

jieHHO BBiTCKaeT cnpaBefljiHBOCTB flOKastiBaeMoro yTsepjKfleHHH. □ 

yTsepjKfleHHe 13.11 nossojisieT asTOMaTHHecKH npHMCHHTt nojiyneKHBie panee pesyjitTaTti o hhcjic 
H pacnojioJKeHHH nyjieii co6cTBeHHBix (JjyHKi^Hit saflann [§TJT]([T}, [§TJT]([2|) k flecJjHHHTHOMy cjiynaio. 
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